Abstract. A simple approach exists to prevent the need for constructing boundary conditions in situations where they are not explicitly supplied by the original analytical formulation of the problem. An example is the Poisson equation for the pressure in calculations of incompressible flow. Other examples are the streamfunction-vorticity formulation where no condition for the vorticity is present, and ADI methods where boundary conditions for the intermediate timesteps must be provided. In short, this approach can be described as follows: first discretize the equations of motion, next substitute the original boundary conditions (for the velocity), and finally combine the discrete equations (e.g., to a modified Poisson equation).
1. Introduction. When the incompressible Navier-Stokes equations are solved numerically, often boundary conditions seem to be "missing." One example is formed by the boundary conditions for the pressure when a Poisson equation is employed. Another example is the boundary condition for the vorticity in case a streamfunctionvorticity formulation is used. Uncertainty exists about the choice of these conditions; when Neumann conditions are selected, the corresponding compatibility relation poses an additional difficulty.
Gresho and Sani [1] give an extensive discussion of the former example. They discuss a number of approaches used to solve the above problem. Their favorite approach is what they call the "direct attack." This is a simple method that has been known for at least two decades (see the references in Chapter 6.3.1 of [2] ). Gresho and Sani show that this approach circumvents the problem of the "missing" boundary conditions in a natural way.
From discussions with colleagues it became clear that this "direct attack" is applicable to many more situations where boundary conditions are "missing." Therefore in this paper we want to highlight this approach and show some applications. It will not be surprising that the methods being obtained in this way are familiar ones. However, the way in which they have been derived ensures there is no need to distrust them, whereas other derivations of the same formulas might leave some room for distrust.
The starting point is an analytical set of equations, including boundary conditions, that is well posed and for which a unique solution exists. For the unsteady incompressible Navier-Stokes equations we may use its formulation in primitive variables (velocity and pressure). At solid walls only boundary conditions for the velocity are required to make the solution unique [3, Chap. 3, 3] . No conditions on the pressure have to be prescribed in the continuum case. The Navier-Stokes equations will be discretized and its boundary conditions substituted. Hereafter the discrete set of equations may be combined in any way that is found convenient, e.g., to a discrete Poisson equation or to a discrete streamfunction-vorticity formulation. This shuffling of the equations does not change the solution, and hence is harmless. In short, this approach can be described as: discretize first, substitute next, and combine later.
For those who are unfamiliar with this approach we will present it in detail for the pressure conditions. Moreover, a number of other applications will be given. Next to the streamfunction-vorticity formulation for the Navier-Stokes equations, we apply it to the shallow-water equations and to ADI methods. In Appendix A it also will be shown useful for the treatment of the constraints in differential-algebraic equations. 
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From the analytical point of view, the second term in the right-hand side of (2.4) vanishes, but it has been retained to stress that its discrete numerical treatment is nontrivial: accumulation of errors is possible. This will be clarified in Appendix A. Only hereafter we will perform in a discrete sense the above reformulation.
This leads to a discrete version of (2.4), but with a modification near the boundary, such that no boundary conditions are required. This process will be worked out in more detail for a discretization using the well-known staggered grid from the MACmethod [4] . The time-integration will be performed with an explicit two-level scheme, but the discussion below applies to any time-integration method. The discrete timeevolution can be written as (3.1a) div q"+l=0, q.+l _q,, (3.1b) + grad p,+l= R" 8t where n indicates the time level. The term gradp is written with an index n + 1 to stress that its value has to be such that div q"+l=0; [2, Chap. 6] and Rh are the discrete grid functions corresponding with q, p, and R. Equations (3.3) are essentially the equations that are being solved. The way in which they are solved only uses some "shuffling" of these equations. The treatment of the continuity equation in a cell adjacent to the boundary is the only thing that matters. Consider the cell given in Fig. 1 (To prevent error accumulation a term (1/St)Dhq, should be added to the right-hand side of (3.12).) No matter which time-integration method is used, the pressure can be computed from (3.12) without needing boundary conditions. When an ADI method is used, 4 shows how to deal with the boundary velocities required by R h at intermediate time levels. 4. Other applications. The philosophy presented above can be described as follows:
Step (1) . Discretize the equations of motion in their original (velocity-pressure) formulation.
Step (2) . Substitute the boundary conditions.
Step (3) . Combine the discrete equations into the desired form.
The preceding section shows how this philosophy can be applied to prevent the need for a boundary condition for the pressure in incompressible flow computations. There are more situations where this philosophy can be applied. We will briefly describe a few of them:
The -to formulation in incompressible flow; 
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As an alternative, the above philosophy can be applied.
Step (1) means that we should start with a velocity-pressure formulation that is discretized, e.g., the steady version of (3.3) from the previous section. Then a discrete streamfunction q'h and vorticity 0h are defined by hh --h where h is the usual five-point formula. Thus far, there is nothing new.
Step (2) implies substituting the boundary conditions for the velocity qh into (3.3b).
Step (3) means that we should take the discrete rotation (curl) of the discrete momentum equation (3.3b (4.4) , we obtain a discrete version of (4.1a). The resulting discrete Laplacian becomes the usual fivepoint formula; the form of the discrete convective terms depends on the discretization performed in (3.3) . Impoant is that no boundary values of at F are required any more. Remark 1. This approach does not lead to discretizations that were unknown thus mr. We leave it to the reader to verify that the resulting equations can also be obtained when the voicity boundary condition is chosen according to Thorn's formula [2, eq. (6.5.10)]. The latter is usually derived from a Taylor expansion using (4.1b) at the boundary. Remark 2. Equation (4.6) is an algebraic combination of the discrete equations (3.3). Thus, when the solution of (4.5) and (4.6) is expressed in u and v (using (4.3)) it is identical to the steady solution of (3.3).
Shallow-water equations. Another application of the above philosophy is formed by the shallow-water equations. In a linearized primitive-variable form they read (4.7) Oq+ (q. grad)q+ g grad s r =0, Ot 0___+ (q. grad)st + H div q 0. (4.8) Here q is the depth-integrated velocity vector, " is the surface elevation, H is the linearized water height, and g is the gravitational acceleration. Boundary conditions are often formulated in terms of the velocity components; no condition for s r exists then.
These equations are discretized in a staggered arrangement, as in the MAC-method. The elevation s r is defined in cell centers, as is the pressure p. it is much simpler first to put the original problem of mathematical physics into correspondence with a system of difference equations (with respect to the spatial variables) and then to eliminate the boundary conditions using the difference analogs of the boundary conditions, the accuracy of which matches that of the difference equations. Having done this, we can next proceed by approximating the equations in time using the splitting-up method or another algorithm. This approach allows us to sidestep the compatibility problem for the boundary conditions 5. Conclusion. The paper describes a philosophy that can be used when boundary conditions are "missing." It can be formulated in short as" discretize first, substitute next, and combine later. The philosophy is not new, and neither are the resulting methods. But apparently its power is not yet generally appreciated, as the discussions that pop up now and then in the literature reveal. Four applications of the philosophy have been presented. It is hoped that these will help to enlarge the acquaintance with this solution to the problem of the "missing" boundary conditions. Ot with a homogeneous initial condition. We will point out this difference using a formulation in which only a time-discretization is used. It equally applies to the space-discretized version, but the latter features more complicated formula which only distract attention from the essential point.
We start with (2.4) and substitute the constraint (in this case (A2)). This results in (A3) div grad p -div R.
Next, the equations of motion are solved with a numerical time-integration method. When (3.1) is used, this gives the following time discretization for (A3) (A4) div grad p,+l= div R". Having solved this equation, the velocity at time level n + 1 is obtained from (3.2), repeated here (A5) q"+ =q" + t(R -grad p"+).
However, the solution of (A4) cannot be obtained exactly: machine accuracy can be reached at most, and often this equation is solved iteratively until (only) a few figures have converged. Suppose we solve it with an error e n+l, i.e., div grad p"+= div R" + e"+l. Substitution in (A5) leads to a q"+ whose divergence satisfies (A6) div q,+l= div q"-$t e "+.
